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Abstract. Recently, an interaction between the mathematical discipline
of combinatorics on words and musical scale theory has led to various in-
teresting results. So far, the focus was mainly on scales generated by a sin-
gle interval. The paper proposes an extension of word scale theory to tone
systems of higher dimensions, i.e. generated by more than one interval.
It is shown that the number of specific varieties for any non-zero generic
interval in n-dimensional comma-demarcated generated tone systems is
between 2 and 2n. Therefore, generating patterns in two-dimensional sys-
tems are words over a four-letter alphabet. A concept of quasi pairwise
well-formed words is introduced as a weakening of Clampitt’s pairwise
well-formedness. The main result of the paper is that a four-letter word
is a generating pattern in a comma-demarcated two-dimensional system
if and only if it is quasi pairwise well-formed.

Keywords: Word Scale Theory, Interval Variety, Generated Tone
System, Quasi Pairwise Well-Formed, Product Word.

1 Preliminaries

1.1 Words

In a series of papers, Clampitt, Noll and Domı́nguez laid down a solid basis
for scale theory over words [1,2,3,4]. They have applied various concepts and
results of combinatorial word theory to problems of musical scales. The formal
framework summarized below follows their approach, especially, the introductory
work [1].

A finite set A is called alphabet and its elements letters. A finite string (series)
w = a1 . . . an of n (possibly repeating) letters is called a word of length n over
alphabet A. We write that |w| = n and the letter on the i-th position is denoted
by w(i), i = 1, . . . , |w|. An empty string is also considered a word (an empty
word). The set of all words over A is denoted by A⋆.

Concatenation of two words v = a1 . . . an and u = b1 . . . bm is the word w =
a1 . . . anb1 . . . bm and we write w = v · u or w = vu. The concatenation is an
associative binary operation on A⋆ and (A⋆, ·) is a monoid (the empty word is
the unit). Two words w1 and w2 over alphabets A1 and A2, respectively, are
called isomorphic if there exists a monoid isomorphisms f : A⋆

1 → A⋆
2 such that

f(w1) = w2.
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We say that two words w1 and w2 are conjugate if there exist words v and u
such that w1 = vu and w2 = uv. This binary relation is an equivalence relation
and therefore it factorizes the set A⋆ into equivalence classes, which are called
conjugacy classes. The conjugacy class of a word w is denoted by [w].

Assume a two-letter alphabet A = {a, b} and two positive integers m and n,
m ≤ n. We define rational mechanical word RMW(m : n) over alphabet A:

RMW(m : n)(i) =

!
a, if ⌊ im

n ⌋ = ⌊ (i−1)m
n ⌋,

b, if ⌊ im
n ⌋ > ⌊ (i−1)m

n ⌋,

for i = 1, . . . , n. Any conjugate of a rational mechanical word is called maximally
even word. Furthermore, if gcd(m, n) = 1 then RMW(m : n) is called Christoffel
word and any conjugate of a Christoffel word is called well-formed1 word.

Consider a concatenation w of k copies of a word v. Then we say that w is
a power of v, v is a root of w, and we write w = vk. A non-empty word w is
primitive if it is not a power of any other word, i.e. w = vk implies k = 1.2
Finally, a word v is called the primitive root of w if w is a power of v and v is
primitive. The primitive root exists and is unique for any non-empty word.

If w1 and w2 are conjugate then w1 is primitive if and only if w2 is primitive. It
is also easy to see that the mechanical word RMW(m : n) is primitive if and only
if gcd(m, n) = 1. Therefore, the well-formed words are exactly the primitive
maximally even words. Denote d = gcd(m, n). Then, the primitive root of a
maximally even word w belonging to [RMW(m : n)] is a well-formed word v
which is a conjugate of the Christoffel word RMW(m

d : n
d ) and w = vd.

Example 1. The usual Ionian scale can be represented as a series of tones and
semitones: ttsttts. This word is well-formed and is conjugate of the Christoffel
word RMW(2 : 7) over the alphabet {t, s}, which is tttstts. !

Example 2. The hexatonic scale is usually interpreted as a series of alternating
semitones and minor thirds or augmented seconds: 131313. This is a maximally
even word and also a rational mechanical word RMW(3 : 6). Its primitive root
is 13, which is a well-formed (Christoffel) word. !

1.2 (Unpitched) Generated Tone Systems

The concept of a generated tone system is taken from [6]. The only difference
is that the approach here is purely structural: pitch is not reflected at all and,
therefore, it is left out from the theoretical framework. For related theoretical
concepts compare also [7,8,9,10].

Let T and X be non-empty finite sets and K be a subset of the group Z[X ]
such that the elements of X and K have same cardinality n. Let I = Z[X ]/⟨K⟩
1 This definition encompasses the non-degenerate well-formed words over two-letter

alphabets and the words of length 1 (when m = n). The latter case has not been
excluded by purpose: such words may participate in product words representing the
generating patterns in comma-demarcated GTS’s.

2 Compare [5].
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denote the factor group of Z[X ] modulo subgroup ⟨K⟩ generated by K and let
I be finite. Further, assume two mappings:

1. int : T × T → I satisfies the following conditions:
(a) int(t, u)int(u, v) = int(t, v) for any t, u, v ∈ T ,
(b) for any t ∈ T and i ∈ I there exists unique u ∈ T such that int(t, u) = i;

we will write u = t + i;
2. spec : T → Z[X ] satisfies the following condition:

(a) [spec(t)] + int(t, u) = [spec(u)] for any t, u ∈ T ;

The quintuple (T, X, K, int, spec) is called n-dimensional (unpitched) generated
tone system (GTS ). The elements of T , X , K, and I are called tones, generators,
commas, and (generic) intervals. The mappings spec and int are called specifying
function and interval function.

Conditions (1a) and (1b) imply that (t, i) &→ t + i is a simply transitive
action of the group of generic intervals I on the set of tones T . Therefore, the
triple (T, I, int) is a Lewinian Generalized Interval System and, in particular,
cardinalities of T and I are equal.

Let K = {κi | i = 1, . . . , n}. Assume an element ε ∈ R[X ] such that for any
tone t ∈ T :

spec(t) = ε +
n!

i=1

riκi, (1)

for some ri ∈ R, 0 ≤ ri < 1, i = 1, . . . , n. Then we say that S = (T, X, K, int, spec)
is a comma-demarcated GTS. The element ε ∈ R[X ] is called extremity and ele-
ments ε +

"n
i=1 ziκi ∈ R[X ] for any zi ∈ {0, 1} are called limits of the GTS S.

Moreover, if ε ∈ Z[X ] then we say that S is strictly comma-demarcated.

Example 3. Equation (1) means that the specifying function maps the tones into
elements of Z[X ] contained in a parallelogram given by the comma vectors. The
left diagram in Figure 1 depicts a comma-demarcated generated tone system
which models the diatonic scale in just intonation. Generators are the perfect
fifth (x1 = (1, 0)) and the major third (x2 = (0, 1)). Thus, the free commutative
group Z[X ] = Z2 generated by set of generators X = {x1, x2} corresponds to
usual Euler lattice.3 Commas are κ1 = (−1, 2) and κ2 = (−3,−1). Extremity
ε coincides with the specific value of tone D. Values of specifying function are
given by a parallelogram demarcated by commas, e.g. spec(C) = [0, 0], spec(G) =
(0, 1), spec(1B) = [1, 2] etc. The interval function can be defined as int(t, u) =
[spec(u)− spec(t)]. This GTS is strictly comma-demarcated as ε = (2, 0) belongs
to the lattice.

The diagram on the right side of Figure 1 depicts a strictly comma-demarcated
GTS modeling the hexatonic scale. !
3 In this and similar diagrams, subscripts and superscripts preceding tone letters may

be thought of as denoting (negative and positive) corrections of the Pythagorean
values by syntonic commas. However, this is not included in formal framework and
we use the notation in diagrams only as a mnemonic aid.
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Example 4. Figure 2 shows two variations of the first GTS from the previous
example. The GTS’s shown here share sets of generators and commas. They differ
in selection of extremity, i.e. in definition of specifying function. Resulting GTS’s
model the harmonic minor scale and the Hungarian scale in just intonation. Both
are comma-demarcated and neither is strictly comma-demarcated. !

Fig. 1. The diatonic scale and the hexatonic scale as two-dimensional comma-demar-
cated GTS’s

Fig. 2. The harmonic minor and the Hungarian scale as two-dimensional comma-de-
marcated GTS’s

2 Conceptual Framework

2.1 Quasi Pairwise Well-Formed Words

The concept of pairwise well-formedness was introduced by Clampitt [11,12].
We propose a weakening of the concept: quasi pairwise well-formed words seems
suitable for investigating the generating patterns appearing in two-dimensional
comma-demarcated GTS’s.

Assume a four-letter alphabet A = {a, b, c, d} and a two-letter alphabet X =
{x, y}. A monoid homomorphism π : A⋆ → X⋆ is called pairwise projection if
π(a′) = π(b′) = x and π(c′) = π(d′) = y for some {a′, b′, c′, d′} = A and {x′, y′} =
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X .4 We say that a word w ∈ A⋆ is pairwise well-formed if π(w) is well-formed for
any pairwise projection π and w contains5 exactly three distinct letters.

Further, we say that pairwise projections π1 and π2 are distinct if there are
s, t ∈ A such that π1(s) = π1(t) and π2(s) ̸= π2(t). Finally, a word w ∈ A⋆ is
called quasi pairwise well-formed if it is primitive and there are at least two
distinct pairwise projections π1 and π2 such that π1(w) and π2(w) are maximally
even words.

The concept of quasi pairwise well-formed words is a generalization of the
concept of pairwise well-formed words. The next lemma formalizes this fact. (It
follows directly from the definitions of pairwise well-formed and quasi pairwise
well-formed words.)

Lemma 1. If a word is pairwise well-formed than it is also quasi pairwise well-
formed.

Example 5. Clampitt uses the classical Indian scale ma-grāma as an illustration
of the pairwise well-formedness. However, the related scale sa-grāma is not pair-
wise well-formed. It turns out that quasi pairwise well-formedness encompasses
both basic scales.

Ma-grāma and sa-grāma are selections of seven tones out of the universe of
22 śrutis. In both scales, there are step intervals of three different sizes: 2-, 3-
and 4-śruti large. Structural details of the scales are the following:

SA-grāma: SA RI GA MA PA DHA NI
step sizes: 4 3 2 4 4 3 2

MA-grāma: MA PA DHA NI SA RI GA
step sizes: 4 3 4 2 4 3 2

If we replace step intervals with the letters a, b and c then ma-grāma is rep-
resented by the word abacabc. It can be directly verified that all three possible
pairwise projections result in well-formed words.

On the other hand, sa-grāma is represented by the word abcaabc, which is not
pairwise well-formed. However, two out of three possible pairwise projections still
give a well-formed word:

π1 : a #→ x, b #→ x, c #→ y; abcaabc #→ xxyxxxy – well-formed
π2 : a #→ x, b #→ y, c #→ x; abcaabc #→ xyxxxyx – well-formed
π3 : a #→ y, b #→ x, c #→ x; abcaabc #→ yxxyyxx – not well-formed

Therefore, sa-grāma is (only) quasi pairwise well-formed. !
4 In general, the number of distinct letters in a word from A⋆ can be anywhere between 1

and 4. Therefore, pairwise projections for words with lesser than 4 distinct letters are
also included in this definition. For instance, π : a, d !→ x; b, c !→ y is a pairwise pro-
jection, which maps the three-letter word abacaba on the well-formed word xyxyxyx.

5 It is necessary to add this condition explicitly. Otherwise, the definition would lead to
an enlarged family of objects. Besides all Clampitt’s three-letter pairwise well-formed
words it would encompass also one-letter word a (which in our framework is well-
formed) and an infinite number of four-letter words.
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Example 6. Let us explore the words representing the step patterns in the
comma-demarcated GTS’s from Examples 3 and 4:

Diatonic scale: C D 1E F G 1A 1B (C)
(PWF) a c b a c a b

Hexatonic scale: C 2C♯ 1E F 2G♯ 1A (C)
(QPWF) c b a d a b

Hungarian scale: A B 1C 1D♯ E 1F 1G♯ (A)
(PWF) c a b a a b a

Harmonic minor: A B 1C D E 1F 1G♯ (A)
(QPWF) b a c b a d a

We see that all the step patterns are quasi pairwise well-formed (QPWF) words
and only some of them are also pairwise well-formed (PWF). For instance, the
harmonic minor is QPWF as pairwise projections π1 : a, b !→ x; c, d !→ y and
π2 : a, c !→ x; b, d !→ y map the 4-letter word bacbada to well-formed words and
pairwise projection π3 : a, d !→ x; b, c !→ y maps it to a non-well-formed word. !

2.2 Product Words

Now a construction of words over two-dimensional alphabets will be suggested.
Let v be a word over alphabet A and u be a word over alphabet B. We define
a word w over the alphabet A × B of length6 k = lcm(|v|, |u|) by the following
formula:

w(i) = (v((i− 1)mod |v| + 1), u((i− 1)mod |u| + 1)),

for i = 1, . . . , k. We say that the word w is product word of v and u and write
w = v × u.

Example 7. Assume two words of same length:

w1 = x1x1y1x1x1y1x1, w2 = x2y2y2x2y2x2y2.

The product word w = w1 × w2 will have the same length, i.e. 7, and will be
constructed as a series of ordered pairs of corresponding letters of the words w1

and w2:

w = (x1, x2)(x1, y2)(y1, y2)(x1, x2)(x1, y2)(y1, x2)(x1, y2).

The word w is isomorphic to the three-letter word acbacab, which modeled the
diatonic scale in Example 6. !

Example 8. Now consider two words of different lengths:

w1 = x1y1, w2 = x2y2y2.

6 By lcm(a, b) we denote the least common multiple of a and b.
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Then the length of the product word w = w1 × w2 will be the least common
multiple of |w1| and |w2|, which is 6 = lcm(2, 3). To construct the product word
both words are repeated in the respective dimension appropriately many times:

w6/2
1 = x1y1x1y1x1y1, w6/3

2 = x2y2y2x2y2y2,

w1 × w2 = (x1, x2)(y1, y2)(x1, y2)(y1, x2)(x1, y2)(y1, y2).

The product word is isomorphic to the four-letter word cbadab, which modeled
the hexatonic scale in Example 6. !

Lemma 2. Let v and u be well-formed words. Then the product word w = v×u
is quasi pairwise well-formed.

Proof. Assume that v ∈ A⋆, A = {a1, a2}, u ∈ B⋆, B = {b1, b2}, and denote
k = |w| = lcm(|u|, |v|). Consider the following mappings:

πA : A×B → A, (ai, bj) $→ ai, πB : A×B → B, (ai, bj) $→ bj.

Then πA and πB are distinct pairwise projections and πA(w) and πB(w) are
maximally even words, whose primitive roots are v and u, respectively. Therefore
|v| and |u| divide the length of any root of w. Let p be the length of the primitive
root of w. Then k = lcm(|v|, |u|) divides p, which in turn divides k. Therefore,
p = k and the word v × u is primitive. !

Lemma 3. Let w be a quasi pairwise well-formed word. Then there exist well-
formed words v and u such that their product v × u is isomorphic to w.

Proof. Let w be a quasi pairwise well-formed word over four-letter alphabet A,
X be a two-letter alphabet and let π1 and π2 be distinct pairwise projections
of A⋆ into X⋆ such that v′ = π1(w) and u′ = π2(w) are maximally even. Let v
and u be the primitive roots of v′ and u′, respectively. Then both v and u are
well-formed and w is isomorphic to u× v because π1 and π2 are distinct. !

The previous two lemmas assure that there is a one-to-one correspondence be-
tween the quasi pairwise well-formed words and the product words of well-formed
words.

2.3 Interval Variety

In a classic work, Clough and Myerson [13] introduced the concepts of generic
and specific intervals and investigated Myhill’s Property as a key structural
feature of diatonic scales. One of the basic results of musical scale theory is that
non-degenerate one-dimensional scales are well-formed if and only if they have
Myhill’s Property (MP), i.e. every non-zero generic interval appears with exactly
two specific values [14]. Inspired by Myhill’s Property, Clampitt [11] introduced
the concept of trivalence: every non-zero generic interval appears with exactly
three specific values. He showed that pairwise well-formedness implies trivalence
of a scale.
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Usually, the concepts of specific and generic intervals rely on pitch realization
of scale: the generic interval is given by its span, i.e. by the count of tones be-
tween the end tones of the interval represented in pitch domain, and the specific
value of an interval is associated with its size, which is also a pitch related prop-
erty. In their recent paper, Clampitt and Noll provided a lucid formalization of
the generic/specific dichotomy. [4] Although they do explicitly involve the con-
cept of pitch, in a certain way they approached the possibility to introduce the
dichotomy even without it.7 In the present approach, pitch is not formally intro-
duced at all and the generic/specific dichotomy is explored on a more abstract
level: the generic intervals are elements of the group Z[X ]/⟨K⟩ and their specific
values come from Z[X ].

Let S = (T, X, K, spec, int) be a generated tone system. For any generic in-
terval g ∈ Z[X ]/⟨K⟩, consider the following set of elements of Z[X ]:

SPEC(g) = {spec(t)− spec(u) | t, u ∈ T, int(t, u) = g}.

The set SPEC(g) contains all specific values of the generic interval g. Assume
that SPEC(g) has exactly v distinct elements. We say that v is the variety of the
generic interval g (the interval g is v-varietal) and we write v = var(g).

Example 9. Assume the hexatonic scale as modeled in Examples 3 and 6. Al-
though the hexatonic scale is usually thought of as having only two differ-
ent “specific steps”, in our model, its step pattern is represented by a word
cbadab over four-letter alphabet. Therefore, the variety of the generic interval
[(−1, 2)] ∈ Z2/⟨κ1, κ2⟩ (the “generic step”) is 4.8 This can be interpreted that
the diatonic semitone (e.g. 1E − F ) and the chromatic semitone (e.g. C − 2C♯)
are differentiated within our theoretic framework. And so are the minor third
(e.g. 2C♯− 1E) and the augmented second (e.g. F − 2G♯). However, this differ-
entiation is not based on acoustic considerations as the concept of pitch has not
been introduced. Even if 12-tone equal temperament was considered, the step-
pattern would involve four different species of step and, therefore, the generic
step would be 4-varietal. !

2.4 Generating Patterns

Let t ∈ T be a tone and g ∈ I be a non-zero generic interval of order k, i.e. k
is the smallest positive integer for which kg = 0 in I. Consider a series of tones
τ = (t0, . . . , tk) such that t0 = t and int(ti−1, ti) = g for all i = 1, . . . , k. We say
that τ is a generating series. The conditions (1a) and (1b) from the definition of
GTS imply that the generating series exists and is unique for any given tone and
any given generic interval. Moreover, the generating series contains k different
tones and tk = t.
7 See their examination of the degenerate seven-tone scale.
8 Moreover, Theorem 2 (see below) implies that the hexatonic scale cannot be modeled

as a comma-demarcated two-dimensional GTS with two-letter step pattern ababab
at all as this word is not quasi pairwise well-formed.
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Let v = var(g) and let SPEC(g) = {γ1, . . . , γv}. We define a word GP(g, t) of
length k over a v-letter alphabet A = {a1, . . . , av} by the following rule:

GP(g, t)(i) = aj ⇔ spec(ti)− spec(ti−1) = γj .

The word GP(g, t) is called generating pattern of the generic interval g starting
from the tone t.

Example 10. Assume the harmonic minor scale as modeled through a comma-
demarcated two-dimensional GTS in Example 4. Figure 3 illustrates how the
generating pattern is constructed in this GTS for two generic intervals: “the
generic step”, step = [(2, 0)], and “the generic fifth”, fifth = [(1, 0)]. The gen-
erating pattern GP(A, step) = bacbada has been already computed in Exam-
ple 6. It will be analyzed even more deeply below in Example 12. The generating
pattern GP(A, fifth) = aabacba is an example of three-letter quasi pairwise
well-formed word which is not pairwise well-formed. !

Fig. 3. Generating patterns GP(A, step) and GP(A, fifth) , both starting from the
tone A in A harmonic minor

Remark 1. “Scale step pattern” and “folding pattern” are key concepts of the
scale theory over one-dimensional words as developed by Clampitt, Noll and
Domı́nguez. One of their most fundamental results concerns the duality between
the two patterns. In the present approach, both patterns are viewed simply as
“generating patterns”. The investigation of the dual generating patterns remains
beyond the scope of this paper.

3 Main Results

3.1 Generalization of Myhill’s Property

As mentioned above, Myhill’s Property is very strong in the one-dimensional
case: a one-dimensional generated scale is non-degenerate well-formed if and only
if every non-zero generic interval is 2-varietal. For the category of pairwise well-
formed scales, a similar condition holds in one direction: every non-zero generic
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interval is 3-varietal. In the general case of two-dimensional comma-demarcated
generated tone systems similar strong conditions are not valid. Instead, there
are upper and lower bounds for the variety of generic intervals.

Theorem 1. Let S be an n-dimensional comma-demarcated GTS. Then the fol-
lowing inequality hold for the variety of any non-zero generic interval g:

2 ≤ var(g) ≤ 2n.

Furthermore, the upper limit and the lower limit are achieved for certain cases.

Proof. Let S = (T, X, K, spec, int), K = {κ1, . . . , κn}, ε be the extremity of S,
and g be a non-zero generic interval. Take tones t and u such that int(t, u) = g.
Comma-demarcatedness of S yields existence of ri, si ∈ [0, 1), i = 1, . . . , n such
that

spec(t) = ε +
n!

i=1

riκi, spec(u) = ε +
n!

i=1

siκi.

Denote:

γ =
n!

i=1

(si − ri)κi.

Then γ ∈ SPEC(g). Consider the following series of elements of Z[X ]:

spec(t), spec(t) + γ, . . . , spec(t) + jγ, . . .

As γ is non-zero this series contains infinite number of distinct elements and so
it contains elements which do not belong to spec[T ]. Take the lowest j for which
spec(t) + jγ is not in spec[T ]. Thus, spec(t) + (j − 1)γ ∈ spec[T ] and there are
v, w ∈ T such that spec(v) = spec(t) + (j − 1)γ, int(v, w) = γ, and spec(w) ̸=
spec(t) + jγ. Then spec(w) − spec(v) ∈ SPEC(g) while spec(w) − spec(v) ̸= γ.
Therefore var(g) ≥ 2.

To prove the second inequality, consider t, u, g, and γ as defined in the previous
paragraph and assume any tones v, w ∈ T such that int(w, v) = g. The comma-
demarcatedness implies that there are coefficients ci ∈ {0, sign(si − ri)}, i =
1, . . . , n such that:

spec(w) − spec(v) = γ −
n!

i=1

ciκi.

This yields up to 2n potential combinations for values of ci, thus, up to 2n

possible values for spec(w)− spec(v). This implies the upper limit for the variety
of the generic interval g: var(g) ≤ 2n.

Now we will construct examples where the upper and lower limits are reached.
For the case var(g) = 2 consider the following vectors in Zn:

κ1 = (2, 0, . . . , 0),
κ2 = (0, 1, . . . , 0),

. . .

κn = (0, 0, . . . , 1).
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Denote γ = (1, 0, . . . , 0) and assume the generic interval g = [(1, 0, . . . , 0)] ∈
Zn/⟨K⟩ in the strictly comma-demarcated GTS defined by the set of com-
mas K = {κ1, . . . , κ2} and the extremity ε = [0, . . . , 0]. It is easy to see that
SPEC(g) = {γ,−γ} and, therefore, var(g) = 2.

For the upper limit var(g) = 2n consider the series of first n prime numbers
p1 = 2, p2 = 3, . . . , pn and define the following vectors in Zn:

κ1 = (p1, . . . , 0),
. . .

κn = (0, . . . , pn).

Assume the GTS defined by the set of commas K = {κ1, . . . , κn} and the ex-
tremity ε = [0, . . . , 0]. Denote γ = (1, . . . , 1) and consider the generic interval
g = [γ] and the tone e = spec−1(ε). Finally, define:

γz = (1− z1p1, . . . , 1− znpn),

for z = (z1, . . . , zn) ∈ {0, 1}n. We will show that any of the 2n vectors γz belongs
to SPEC(g). Therefore, var(g) ≥ 2n and considering the inequality var(g) ≤ 2n,
which has already been proved in general, we obtain var(g) = 2n.

Assume any z = (z1, . . . , zn) ∈ {0, 1}n and consider the tones:

tk−1 = e + (k − 1)γ, tk = e + kγ,

for k = pz1
1 . . . pzn

n . Then spec(tk)−spec(tk−1) = γz, which implies γz ∈ SPEC(g).
This completes the proof. !
Corollary 1. The variety of any non-zero generic interval in a one-dimensional
comma-demarcated GTS is 2.

Corollary 2. The variety of any non-zero generic interval in a two-dimensional
comma-demarcated GTS is 2,3, or 4.

Example 11. The variety is invariant in both well-formed and pairwise well-
formed scales: every non-zero generic interval has the same variety (2 or 3, re-
spectively). Quasi pairwise well-formed scales do not exhibit such a property.
Consider the generating patterns from Example 10. The generic step is four-
varietal while the generic fifth is three-varietal. !

3.2 Necessary Condition for Generating Patterns

Theorem 2. Let S be a two-dimensional comma-demarcated GTS. Then any
generating pattern in S is a quasi pairwise well-formed word.

Proof. Let S = (T, X, K, spec, int), K = {κ1, κ2}, k be the cardinality of T , and
ε be an extremity. Consider any generic interval g and any tone t and denote
u = t + g. As ε is an extremity we have:

spec(t) = ε + r1κ1 + r2κ2, spec(u) = ε + s1κ1 + s2κ2,

for some r1, s1, r2, s2 ∈ [0, 1).
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One can assume that s1 ≥ r1 and s2 ≥ r2. Otherwise, we could consider a
GTS S′ = (T, X, K ′, spec, int) defined by the set of commas K ′ = {z1κ1, z2κ2},
where:

zi =
!

1, if si ≥ ri,
−1, if si < ri,

for i = 1, 2. It is easy to see that S′ is also comma-demarcated, the generating
patterns in S and S′ are same and the required inequations for the comma
coefficients hold.

Let k be the order of g in I. Then we have kg = 0 in the group of generic
intervals. Thus, m1 = k(s1 − r1) and m2 = k(s2 − r2) are non-negative integers.
Considered two-letter alphabets X1 = {x1, y1} and X2 = {x2, y2} and define the
following words:

w1(i) =

"
x1, if ⌊r1 + im1

k ⌋ = ⌊r1 + (i−1)m1
k ⌋,

y1, if ⌊r1 + im1
k ⌋ > ⌊r1 + (i−1)m1

k ⌋,

w2(i) =

"
x2, if ⌊r2 + im2

k ⌋ = ⌊r2 + (i−1)m2
k ⌋,

y2, if ⌊r2 + im2
k ⌋ > ⌊r2 + (i−1)m2

k ⌋,

for i = 1, . . . , k. The words w1 and w2 are maximally even:

w1 ∈ [RMW(m1 : k)], w′
2in[RMW(m2 : k)].

Moreover, the product word w1×w2 is the generating pattern of g starting from
t, i.e. GP(g, t) = w1 × w2 over the alphabet X1 ×X2.

To finish the proof we only have to show that w1 × w2 is primitive. Assume
the opposite and let w1 × w2 = vp for a word v over the alphabet A1 ×A2 and
a divisor p of k, p > 1. Then t + k

pg = t, which is in contradiction with the
minimality of k. This completes the proof. !
Example 12. Let us illustrate the main idea of the previous proof. The gener-
ating pattern of a two-dimensional GTS is replaced by a product of its pro-
jections in the one-dimensional GTS’s given by the commas. These projections
define pairwise projections and the resulting two-letter words are maximally
even. Figure 4 shows the comma projections for the harmonic minor scale (com-
pare Examples 4 and 10). The projections yield two maximally even (in this
case even well-formed) words w1 = x1x1y1x1x1y1x1 and w2 = x2y2y2x2y2x2y2.
The product word w = w1 × w2 = (x1x2)(x1y2)(y1y2)(x1x2)(x1y2)(y1x2)(x1y2)
is isomorphic to the generating pattern bacbada of the generic step as computed
in Example 10. !

Example 13. The acoustic scale is quite common in the folk music of certain
ethnics (e.g. Slovak and Polish). It consists of the overtones 8 through 14 and is
usually approximated by the Lydian-Mixolydian scale: C −D − E − F ♯ −G −
A − B♭ − (C). It is obvious that it can not be modeled as a one-dimensional
fifth-generated (Pythagorean) scale as it selects a discontinuous subseries from
the series of fifth. However, it can be represented by a contiguous selection on
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w1 = x1x1y1x1x1y1x1 w2 = x2y2y2x2y2x2y2

Fig. 4. The comma projections of the generating patterns of the generic step and the
generic fifth in the harmonic minor

Euler’s lattice. (See Figure 5.) Therefore, one may ask whether the natural scale
can be modeled as a two-dimensional comma-demarcated GTS. The answer is
no: The generating pattern of the generic step starting from C is aabcacb, which
is not pairwise well-formed. Theorem 2 implies that this pattern can not be a
generating pattern of a two-dimensional comma-demarcated GTS.9 !

Fig. 5. The natural scale on Euler’s lattice

3.3 Sufficient Condition for Generating Patterns

Theorem 3. Let w be a quasi pairwise well-formed word. Then there exists a
two-dimensional comma-demarcated GTS, a generic interval g and a tone t such
that the generating pattern GP(g, t) is isomorphic to w. Moreover, the example
can be constructed in such a manner that the group of generic intervals is cyclic
and g is its generator.
9 On the other hand, the natural scale may be modeled as a comma-demarcated

GTS of a dimension higher than 2. One obvious approach is to follow
the acoustic origin of the scale and consider 5-dimensional GTS with the
generators 3, 5, 7, 11, and 13, and the following set of commas: K =
{(3, 0, 0, 0,−1), (0, 1, 2, 0, 0), (2, 0, 1, 0, 0), (0, 1,−1, 1, 0), (0, 1, 0, 0, 1)}.
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Proof. Applying Lemma 3 we may assume that w = w1 × w2 and the words:

w1 ∈ [RMW(m1 : k1)], w2 ∈ [RMW(m2 : k2)]

are well-formed. Therefore, we have gcd(m1, k1) = gcd(m2, k2) = 1. Denote
d = gcd(k1, k2). Then also gcd(m2, d) = 1 and there exist z, z′ ∈ Z such that
m1 + m2z = z′d. Define:

κ1 = (
k1

d
, 0), κ2 = (

k2z

d
, k2), γ = (

m1 + m2z

d
, m2).

Then κ1, κ2, γ ∈ Z2 and:
γ =

m1

k1
κ1 +

m2

k2
κ2.

Now let us consider the comma-demarcated GTS S0 defined by set of generators
X = {(1, 0), (0, 1)}, set of commas K = {κ1, κ2}, and extremity ε0 = [0, 0].
Then g = [γ] is a generator of the group of generic intervals I = Z2/⟨K⟩ and
the generating pattern of g starting from ε0 is:

GP(g, ε0) = RMW(m1 : k1)× RMW(m2 : k2).

Finally, one can choose the extremity ε ∈ [0, κ1)× [0, κ2) in such a way that the
generating pattern of g is w1 × w2. !

Remark 2. Previous theorems 2 and 3 characterize generating patterns in
comma-demarcated two-dimensional GTS’s: a word is a generating pattern in
some comma-demarcated two-dimensional GTS if and only if it is quasi pairwise
well-formed. This result can even be extended to higher dimensions. The key
idea is that the quasi pairwise well-formed words are exactly the two-dimensional
products of well-formed words (See Lemmas 2 and 3). It can be shown that gen-
erating patterns in n-dimensional comma-demarcated GTS’s are n-dimensional
products of well-formed words.
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